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ε′/ε in the Standard Model
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In order to provide an estimate of ε′/ε several effective theories and physical effects have to be disentangled.
In this talk I discuss how it is possible to predict ε′/ε taking into account all sources of large logs. The numerical
result one obtains, ε′/ε ∼ (1.7± 0.6) · 10−4, is in good agreement with present measurements.
1. Introduction
ε′/ε is a fundamental test for our understand-
ing of flavor–changing phenomena. It represents
a great source of inspiration for physics research
and has motivated in recent years a very inter-
esting scientific controversy, both on the experi-
mental and theoretical sides. The present world
average is [1]
Re (ε′/ε) = (1.93± 0.24) · 10−3 , (1)
providing clear evidence for a non-zero ε′/ε value.
The theoretical status is instead more debated
(see ref. [2] for a brief review). One of the prob-
lems that had to be faced during the past years
has been that, while CP violation is born at
a scale say O(MW ), the observables that enter
in the game have to be estimated at a scale of
O(MK) (see fig. 1). Changing the order of mag-
nitude of the scales one considers, different physi-
cal effects appear and have to be disentangled. In
this picture, the physics is described by a chain
of different effective field theories, with different
particle content, which match each other at the
corresponding boundary (heavy threshold). This
procedure permits to perform an explicit summa-
tion of large logarithms t ≡ ln (M/m), where M
and m refer to any scale appearing in the evolu-
tion.
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Figure 1. Evolution from MW to the kaon mass
scale.
One gets finally an effective ∆S = 1 La-
grangian, defined in the three–flavor theory [3,4],
L∆S=1eff = −
GF√
2
Vud V
∗
us
∑
i
Ci(µ) Qi(µ) , (2)
which is a sum of local four–fermion operators
Qi, constructed with the light degrees of freedom,
modulated by Wilson coefficients Ci(µ) which are
functions of the heavy masses. We have explic-
itly factorized the Fermi coupling GF and the
Cabibbo–Kobayashi–Maskawa (CKM) matrix el-
ements Vij containing the usual Cabibbo suppres-
sion of K decays.
2The overall renormalization scale µ separates
the short– (M > µ) and long– (m < µ) dis-
tance contributions, which are contained in Ci(µ)
and Qi, respectively. The physical amplitudes
are of course independent of µ; thus, the explicit
scale/scheme dependence of the Wilson coeffi-
cients should cancel exactly with the correspond-
ing dependence of the Qi matrix elements be-
tween on-shell states. Usually one refers to this as
the “matching” between Wilson coefficients and
hadronic matrix elements. Thanks to the comple-
tion of the next-to-leading logarithmic order cal-
culation of the Wilson coefficients [5,6], all glu-
onic corrections of O(αns tn) and O(αn+1s tn) are
already known. Moreover, the complete mt/MW
dependence (at lowest order in αs) has been taken
into account. We will fully use this information
up to scales µ ∼ O(1 GeV), without making any
unnecessary expansion in powers of 1/Nc. The
most debated part of the calculation regards the
estimate of hadronic matrix elements. In the fol-
lowing it is presented a brief summary of the main
ingredients of this part of the computation.
2. Low energy effective theory
In order to define an effective field theory at
low scale one can use global symmetry consider-
ations. In this way one arrives at the χPT de-
scription of the Standard Model, which describes
the dynamics of the QCD Goldstone bosons (pi,
K, η) as an expansion in powers of momenta and
quark masses over the chiral symmetry breaking
scale (Λχ ∼ 1 GeV).
At lowest order, the relevant most general effec-
tive bosonic Lagrangian, with the same SU(3)L⊗
SU(3)R transformation properties and quantum
numbers as the short–distance Lagrangian (2),
contains four terms:
L∆S=12 = −
GF√
2
VudV
∗
us
{
g8 f
4 〈λLµLµ〉
+g27 f
4
(
Lµ23L
µ
11 +
2
3
Lµ21L
µ
13
)
+e2f6gEW 〈λU †QU〉
}
+ h.c. , (3)
where the matrix Lµ = −iU †DµU represents the
octet of V −A currents, at lowest order in deriva-
tives, f ∼ fpi = 92.4 MeV, Q = diag(23 ,− 13 ,− 13 )
is the quark charge matrix, λ ≡ (λ6 − iλ7)/2
projects onto the s¯ → d¯ transition [λij = δi3δj2]
and 〈A〉 denotes the flavor trace of A. The chi-
ral couplings g8 and g27 measure the strength
of the two parts of the effective Hamiltonian (2)
transforming as (8L, 1R) and (27L, 1R), respec-
tively, under chiral rotations. The moduli of g8
and g27 can be extracted from the CP–conserving
part of K → 2pi decays; at lowest order a phe-
nomenological analysis gives [7]:
∣∣g8 + 19 g27∣∣ ≃
5.1, |g27/g8| ≃ 1/18. The huge difference be-
tween these two couplings shows the well–known
enhancement of the octet |∆I| = 1/2 transitions.
The theoretical calculation of the couplings gI
is a difficult task. One observes, however, that
what really matters in the calculation of ε′/ε are
not the moduli of these couplings gI but their
imaginary parts. In fact as ImgI ≪ RegI , one
can deduce RegI from the experiment, but it is
necessary to give a prediction for ImgI . Moreover
the matching between the Lagrangians of eq. 2
and eq. 3 must be provided. The large–Nc ex-
pansion offers the possibility to solve both these
problems in a simple and elegant way. In the limit
of a large color number each four–quark operator
factorize into currents which have a well known
chiral realization. Thus one obtains
g∞8 = −
2
5
C1 +
3
5
C2 + C4 − 16B
2
0
f2
L5 C6 ,
g∞27 =
3
5
(C1 + C2) ,
g∞EW = −
3B20
e2f2
C8 , (4)
where B0 = −〈q¯q〉(µ)/f2pi . Now the dominant
part of the contributions to ε′/ε (or, which is the
same, to Img8,EW ) is provided by the operators
Q6,8 whose behavior in the large–Nc limit is dif-
ferent from the rest of operators. In fact when
Nc → ∞ the only anomalous dimensions which
survive are the ones corresponding to these op-
erators [8,9]. Then Q6,8 factorize in the prod-
uct of color–singlet scalar and pseudoscalar cur-
rents which generate the factors B0 of eq. 4. The
scale/scheme dependence of the quark condensate
B0 exactly cancels the one of the Wilson coeffi-
3cient C6,8 [9]. The anomalous dimension of all the
other operators is zero for Nc → ∞. This means
that in order to achieve a reliable estimate of the
matrix elements of these operators it is necessary
to go to next–to–leading order in the Nc expan-
sion. That is why the ∆I = 1/2 rule is so difficult
to demonstrate. Finally one notes that eq. 4 is
perfectly equivalent to say B
(3/2)
8 ∼ B(1/2)6 = 1.
That is, upto minor inputs, the prediction ob-
tained in both large–Nc and χPT expansions re-
produces the results of ref. [5,6].
3. Chiral loops
The ultraviolet logarithms that have been re-
summed using the renormalization group equa-
tion are not the only source of large logs appear-
ing in the estimate of ε′/ε. It is well known [10]
that infrared logs provide a source of enhance-
ment for I = 0 amplitudes which has to be taken
into account. The one loop correction already
provides an enhancement of about 40% and still
underestimates the observed δ00 phase shift. A re-
summation of higher order effect is so necessary
and it has been provided in ref. [11,12] and dis-
cussed also in this conference [13]. The approach
is based on the Omne`s solution for K → pipi am-
plitudes [14]. The Omne`s solution for a CP con-
serving (but the same conclusions hold also for
the CP violating)K → pipi amplitude can be writ-
ten in the generic form
AI =
(
M2K −M2pi
)
aI(M
2
K)
=
(
M2K −M2pi
)
ΩI(M
2
K , s0) aI(s0)
=
(
M2K −M2pi
) ℜI(M2K , s0) aI(s0) eiδI0(M2K) ,
where aI(s) as a function of the total energy
squared s has been explicitly computed up to
one–loop in ChPT [12]. The Omne`s factor
ΩI(M
2
K , s0) can be interpreted as an evolution
operator from the subtraction point s0 to M
2
K .
It can be split into the dispersive contribution
ℜI(M2K , s0) and the usual phase shift exponen-
tial. For each of the amplitudes aI , with I = 0, 2
the s dependence can be written in a simple form:
aI(s) = aI(0)
{
1 + gI(s) +O(p
4)
}
. (5)
The s dependence of the one–loop correction at
low values of s is dominated by the pure SU(2)
effect of elastic pipi → pipi scattering. These uni-
versal infrared effects enhance the I = 0 ampli-
tudes while suppress the I = 2 amplitude. I un-
derline that the only role of the Omne`s factor re-
mains that of providing an efficient resummation
of large infrared effects due to FSI. The advantage
of the Omne`s exponentiation respect to the usual
one–loop ChPT computation is to control the un-
certainty coming from higher order (≥ two–loops)
FSI effects.
Taking a low subtraction point s0 = 0 where
higher–order corrections are expected to be small,
we can just multiply the tree–level amplitudes
with the experimentally determined Omne`s expo-
nentials [12]. The two dispersive correction fac-
tors thus obtained are
ℜ0(M2K , 0) = 1.55± 0.10;
ℜ2(M2K , 0) = 0.92± 0.03 , (6)
where the errors take into account a) the un-
certainties of the fits to the experimental phase
shifts data used in the calculation of the Omne`s
factor and b) the additional inelastic contribu-
tions above the first inelastic threshold. Finally
since FSI effects are next-to-leading in the 1/Nc
expansion but numerically large, this procedure
avoids any double counting. Since the Omne`s
factor can be applied directly to each matrix ele-
ment 〈Qi〉I , the final estimate with the inclusion
of FSI effects can be expressed via the product
〈Qi〉I = 〈Qi〉∞I · ℜI .
4. Numerical results
A full numerical analysis of ε′/ε taking into ac-
count also smaller effects will be presented else-
where [15]. To a reasonably good approximation
however one can take as an estimate the one com-
ing from [5]
ε′
ε
∼
[
B
(1/2)
6 (1− ΩIB)− 0.4B(3/2)8
]
, (7)
where now the B–parameters and the factor ΩIB
have to be corrected taking into account also the
contribution of FSI, that is
B
(1/2)
6 = B
(1/2)
6 |Nc→∞ · ℜ0(M2K , 0) = 1.55 ,
B
(3/2)
8 = B
(3/2)
8 |Nc→∞ · ℜ2(M2K , 0) = 0.92 ,
ΩIB = 0.16 · ℜ2(M2K , 0)/ℜ0(M2K , 0) = 0.09 .
4The effect of FSI is numerically evident. The
cancellation between the I = 0 and I = 2 am-
plitudes is strongly removed and also the effect
of the isospin breaking term proportional to ΩIB
looses its weight. The prediction one obtains for
ε′/ε is so
ε′/ε ≃ (1.7± 0.6) · 10−4 (8)
which compares well with the present world av-
erage in eq. 1. In this prediction all sources of
large logs are finally taken into account. Q6,8 are
well approximated by the leading terms in 1/Nc.
Therefore one expects reasonably that the size of
the missing NLO–Nc corrections are of the order
of 30%. At present the estimate of these effects
can only be done within specific models [2,16–19].
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